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1 Intoduction
In our work, we relate two differential equations of the heat type: the quasi-linear Yang-
Mills heat equations on a finite-dimensional manifold and the linear heat equation for
the Levy Laplacian on an infinite-dimensional manifold. Namely, we generalize Accardi-
Gibilisco-Volovich theorem on the equivalence of the Yang-Mills equations and the Laplace
equation for the Levy Laplacian in the following way: we show that a time-depended con-
nection in a finite-dimensional vector bundle is a solution of the Yang-Mills heat equations
if and only if the associated flow of the parallel transports is a solution of the heat equation
for the Levy Laplacian.
The Levy Laplacian is an infinite dimensional Laplacian which has not any finite di-
mensional analogs. It was introduced by Paul Levy on functions on L2(0, 1) in the 1920s
as follows. Let the second derivative of f ∈ C2(L2(0, 1),R) have the form
< f ′′(x)u, v >=
∫ 1
0
∫ 1
0
KV (x; t, s)u(t)v(s)dtds +
∫ 1
0
KL(x; t)u(t)v(t)dt, (1)
where KV (x; ·, ·) ∈ L2([0, 1] × [0, 1]) and KL(x; ·) ∈ L∞[0, 1]. (The kernels KV (x; ·, ·) and
KL(x; ·) are called the Volterra kernel and the Le´vy kernel respectively.) Then the Levy
Laplacian ∆L acts on f by the formula
∆Lf(x) =
∫ 1
0
KL(x; t)dt. (2)
Another original definition of the Levy Laplacian by Paul Levy is the following. Let {en} be
an orthonormal basis in L2(0, 1). Then the Levy Laplacian (generalized by the orthonormal
basis {en}) acts on f ∈ C2(L2(0, 1),R) by the formula
∆
{en}
L f(x) = limn→∞
1
n
n∑
k=1
< f ′′(x)ek, ek > . (3)
For some orthonormal bases (for example, for en(t) =
√
2 sinpint) the definitions coincide
on the domain of ∆L (see [31] and also [18, 19, 27]).
The modern situation is the following. The term "Levy Laplacian" is used for various
analogs and generalizations of the original Levy Laplacians ∆L and ∆
{en}
L . These Levy
Laplacians act on functions (or generalized functions) over different infinite-dimensional
1
spaces. One of these Levy Laplacians was introduced by Accardi, Gibilisco and Volovich
in [3, 4]. We will denote it by the symbol ∆AGVL . The operator ∆
AGV
L was defined by
analogy with (2). In [3, 4], it was shown that a connection in a vector bundle over Rd
is a solution of the Yang-Mills equations if and only if the parallel transport associated
with the connection is a solution of the Laplace equation for the Laplacian ∆AGVL . The
definition of the Levy Laplacian ∆AGVL and the theorem on the relationship between the
Levy Laplacian and the Yang-Mills equations was generalized for the case of manifold by
Leandre and Volovich in [30]. Another definition of the Levy Laplacian on the infinite
dimensional manifold was introduced by Accardi and Smolyanov in [9]. In this work, the
Levy Laplacian was defined as the Cesaro mean of the second order directional derivatives
by analogy with (3). The relationship of this Levy Laplacian and the Yang-Mills equations
was studied in [40]. The relationship between the Yang-Mills equations and different Levy
Laplacians was also studied in [41, 42, 43, 44, 45].
In the current paper, we introduce the definition of the Levy Laplacian on a manifold in
terms of covariant derivatives. We define this operator as the composition of some infinite
dimensional divergence and some nonstandard gradient. This covariant Levy Laplacian
is an analog of operator (2). In the flat case, its definition coincides with the definition
of ∆AGV . But in general case, its definition differs from the definition by Leandre and
Volovich from [30]. Their definition was not in terms of covariant derivatives and was based
on the triviality of the tangent bundle of the base infinite dimensional manifold. However,
it seems that the covariant Levy Laplacian, the Levy Laplacian introduced by Leandre and
Volovich and the Levy Laplacian introduced by Accardi and Smolyanov coincide on the
domain of the first of them.
There are many papers devoted to the heat equations for the Levy Laplacians. In [18,
19], some methods of infinite-dimensional analysis were used to study various differential
equations with the Levy Laplacian including the heat equation. In [7, 6, 2, 8], the Levy
heat semigroup on the space generalized by the Fourier transforms of the measures on some
infinite dimensional space was studied. The approach to the heat equation for the Levy
Laplacian based on the white noise analysis was used in [35, 28, 5] (see also review [29]).
Representations in the form of Feynman formulas for solutions of the heat equation for the
Levy Laplacian on a manifold were obtained in [9]. Unfortunately, it seems that the Levy
Laplacian ∆AGVL , that is connected to the Yang-Mills equations, doesn’t coincide with the
Laplacians that were used in the mentioned works, except [9] (see the discussion in [43]).
Is it possible to transfer the technique of these works for the study of the Yang-Mills heat
equations is an open question. Some possible ways for the application of the heat equation
for the Levy Laplacian to study the Yang-Mills equations are discussed in [1].
The Yang-Mills heat flow is the gradient flow for the Yang-Mills action functional. It
was introduced by Attiah and Bott in [10] and was studied by Donaldson in [15] (see
also [16]). If the base manifold is 2-dimensional or 3-dimensional, than it is possible to
construct a solution of the Yang-Mills equations by solving the Yang-Mills heat equations
and letting time tend to infinity (see [37]). In the case of the structure group U(1), the
Yang-Mills heat equations are simply the heat equations for 1-forms and a solution of
these equations tends to a harmonic 1-form as time tends to infinity (see [32]). In the
dimension four, the blow-up does not occur for spherical symmetric solutions (see [23]). In
the general case, the Yang-Mills heat equations have blow-up. The dependence of the heat
equation for the Levy Laplacian on the dimension of the base manifold was never studied.
It is interesting to study the behavior of solutions of this equation in the case then the
Yang-Mills heat equation has a blow-up. The Yang-Mills equations and the Yang-Mills
heat equations are also related in the following way. In [33, 34], the proof of well-posedness
of the Cauchy problem for the Yang-Mills equations on the Minkowski space based on the
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application of the Yang-Mills heat flow was suggested. The approach to the Yang-Mills
heat equations based on the (stochastic) parallel transport was used in [13]. But unlike
ours, this approach was not based on the Levy Laplacian.
The paper is organized as follows. In Sec. 2, we give preliminary information from the
finite dimensional geometry about the Yang-Mills heat equation on a time depended con-
nection in the finite dimensional vector bundle. In Sec. 3, we give preliminary information
from the infinite dimensional geometry about the base Hilbert manifold of the H1-curves.
In Sec. 4, we introduce the H0-gradient on the space of sections in the vector bundle over
the base Hilbert manifold of the curves. We consider the parallel transport as a section
in this vector bundle and find the value of the H0-gradient on the parallel transport. In
Sec. 5, we define the Levy Laplacian as the composition of the special infinite dimensional
divergence and the H0-gradient. We find the value of the Levy Laplacian on the parallel
transport. In Sec. 6, we prove the theorem on the equivalence of the Yang-Mills heat
equations and the heat equation for the Levy Laplacian.
2 Yang-Mills heat equations
Bellow, if E0 is a vector bundle over a finite or infinite dimensional Hilbert manifold M0,
the symbol C∞(M0,E0) denotes the space of smooth global sections in this bundle and the
symbol C∞(W0,E0) denotes the space of smooth local sections on an open set W0 ⊂M0.
In the infinite-dimensional case derivatives are understood in the Frechet sense.
Bellow, M is a connected smooth compact d-dimensional Riemannian manifold or Rd.
Let g be the Riemannian metric on M . We will raise and lower indices using the metric g
and we will sum over repeated indices. Let E = E(CN , pi,M,G) be a vector bundle overM
with the projection pi : E →M and the structure group G ⊆ SU(N). The fiber over x ∈M
is Ex = pi
−1(x) ∼= CN . Let the Lie algebra of the structure group be Lie(G) ⊆ su(N).
Let P be the principle bundle over M associated with E and ad(P ) = Lie(G) ×G M be
the adjoint bundle of P (the fiber of adP is isomorphic to Lie(G)). A connection A in
the vector bundle E is a smooth section in Λ1 ⊗ adP . If Wa is an open subset of M and
ψa : pi
−1(Wa) =Wa ×CN is a local trivialization of E, then in this local trivialization the
connection A is a smooth su(N)-valued 1-form Aa(x) = Aaµ(x)dx
µ = ψaA(x)ψ
−1
a on Wa.
Let ψa : pi
−1(Wa) ∼= Wa × CN and ψb : pi−1(Wb) ∼= Wb × CN be two local trivializations
of E and ψab : Wa ∩Wb → G be the transition function. It means that ψa ◦ ψ−1b (x, ξ) =
(x, ψab(x)ξ) for all (x, ξ) ∈ (Wa ∩Wb)× CN . Then for x ∈Wa ∩Wb the following holds
Ab(x) = ψ−1ab (x)A
a(x)ψab(x) + ψ
−1
ab (x)dψab(x). (4)
The connection defines the covariant derivative ∇. If φ is a smooth section in adP , its
covariant derivative has the form
∇µφ = ∂µφ+ [Aµ, φ].
The curvature F of the connection A is a smooth section in Λ2 ⊗ adP . In the local
trivialization, the curvature F is the su(N)-valued 2-form F a(x) =
∑
µ<ν F
a
µν(x)dx
µ ∧
dxν = ψaF (x)ψ
−1
a , where F
a
µν = ∂µA
a
ν − ∂νAaµ + [Aaµ, Aaν ]. For x ∈ Wa ∩Wb the following
holds
F b(x) = ψ−1ab (x)F
a(x)ψab(x). (5)
The Yang-Mills action functional has the form
SYM (A) = −1
2
∫
M
tr(Fµν(x)F
µν(x))V ol(dx), (6)
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where V ol is the volume form on the manifold M . The Euler-Lagrange equations for this
action functional are
∇µFµν = 0. (7)
Locally,
∇λFµν = ∂λFµν + [Aλ, Fµν ]− FµκΓκλν − FκνΓκλµ,
where Γκλν the Christoffel symbols of the Levy-Civita connection on M . Equations (7) are
called the Yang-Mills equations.
The Yang-Mills heat equations are nonlinear parabolic differential equations on a time-
depended connection A(·, ·) ∈ C1,∞([0, T ]×M,Λ1⊗adP ) (any partial derivative of A(s, x)
with respect to the x variables is jointly C1 on [0, T ] ×M) of the form
∂sAν(s, x) = ∇µFµν(s, x). (8)
For more information about these equations, in particular, for the initial value problem,
the weak solutions, the blow-ups of solutions and the questions related to the gauge choice
see [37, 13, 33, 34, 22].
3 Hilbert manifold of H1-curves
For any sub-interval I ⊂ [0, 1] the symbols H0(I,Rd) and denote the spaces of L2-functions
and H1-functions (absolutely continuous with finite energy) on I with values in Rd respec-
tively. Let
‖γ‖0 = (
∫
I
(γ(t), γ(t))Rddt)
1
2
and
‖γ‖1 = (
∫
I
(γ(t), γ(t))Rddt+
∫
I
(γ˙(t), γ˙(t))Rddt)
1
2
be the Hilbert norms on the space H0(I,Rd) and on the space H1(I,Rd) respectively.
The mapping γ : [0, 1] → M is called H1-curve if for any interval I ⊂ [0, 1] and for
any coordinate chart (φa,Wa) of the manifold M , such that γ(I) ⊂ Wa, it holds that
φa ◦ γ |I∈ H1(I,Rd). Let the symbol Ω denote the set of all H1-curves in M . For any
x ∈M let Ωx = {γ ∈ Ω: γ(0) = x} and Ωx,x = {γ ∈ Ω: γ(1) = x}.
Fix γ ∈ Ω. The mapping X(γ; ·) : [0, 1] → TM such that X(γ; t) ∈ Tγ(t)M for any
t ∈ [0, 1] is a vector field along γ. We will also use the notation X(γ) for X(γ; ·). Let the
symbol L∞γ (TM) denote the Banach space of all L∞-fields along γ. The norm ‖ · ‖∞ on
this space is defined by
‖X(γ)‖∞ = ess sup
(t∈[0,1])
(
√
g(X(γ; t),X(γ; t))).
The symbol H0γ (TM) denotes the Hilbert space of all H
0-fields along γ. The scalar
product on this space is defined by the formula
G0(X(γ), Y (γ)) =
∫ 1
0
g(X(γ; t), Y (γ; t))dt. (9)
If X(γ) is an absolutely continuous field along γ ∈ Ω, its covariant derivative ∇X(γ)
is the field along γ defined by
∇X(γ; t) = X˙(γ; t) + Γ(γ(t))(X(γ; t), γ˙(t)),
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where (Γ(x)(X,Y ))µ = Γµλν(x)X
λY ν in local coordinates. Let Q(γ; ·) denote the parallel
transport generated by the Levi-Civita connection along the curve γ. It is easy to show
that
∇X(γ; t) = Q(γ; t) d
dt
(Q(γ; t)−1X(γ; t)).
The symbol H1γ (TM) denotes the Hilbert space of all H
1-fields along γ. The scalar product
on this space is defined by the formula
G1(X(γ), Y (γ)) =
∫ 1
0
g(X(γ; t), Y (γ; t))dt +
∫ 1
0
g(∇X(γ; t),∇Y (γ; t))dt. (10)
The set Ω of allH1-curves inM can be endowed with the structure of a Hilbert manifold
in the following way (see [17, 25, 26]). Let d(·, ·) denote the distance on M generated by
the metric g. Let
W (γ, ε) = {σ ∈ Ω: d(γ(t), σ(t)) < ε for all t ∈ [0, 1]}.
Let W˜ (γ, ε) = {X ∈ TγH1([0, 1],M) : ‖X‖∞ < ε}. Let expx denote the exponential
mapping on the manifold M at the point x ∈M . For γ ∈ Ω let the mapping
expγ : W˜ (γ, ε)→ Ω
be defined by the formula
expγ(X)(t) = expγ(t)(X(t)).
It is known that expγ is a bijection between W (γ, ε) and W˜ (γ, ε). The structure of the
Hilbert manifold on Ω is defined by the atlas (exp−1γ ,W (γ, ε)). The set Ωx is a Hilbert
submanifold of Ω and the set Ωx,x is a Hilbert submanifold of Ωx.
We consider two canonical vector bundles H0 and H1 over the Hilbert manifold Ω
(see [25, 26]). The fiber of H0 over γ ∈ Ω is the space H0γ(TM) and G0(·, ·) is a Riemannian
metric on this bundle. The vector bundle H1 is the tangent bundle over the manifold Ω.
Its fiber over γ ∈ Ω is the space H1γ(TM) and G1(·, ·) is a Riemannian metric on this
bundle. Let H10,0 denote the subbundle of H1 such that the fiber of H10,0 over γ ∈ Ω is the
space {X ∈ H1γ (TM) : X(0) = X(1) = 0}.
A connection in a vector bundle over an infinite-dimensional manifold can be given
by Christoffel symbols (see [25, 26, 24]). Let M0 be a base Hilbert manifold modeled on
a Hilbert space H0 and E0 be a Hilbert vector bundle over M0 with the fiber V0 and
the projection pi0 : E0 → M0. If W0 is a coordinate chart on M0, then E0 has a local
trivialization pi−10 (W0)
∼= W0 × H0 and the tangent bundle TM0 over M0 has a local
trivialization TW0 ∼= W0 × H0. Then the Christoffel symbols Γ∼ of the connection in
E0 is a smooth function on W0 with values in the space of continuous bilinear functionals
from V0 × H0 to V0. The Christoffel symbols are transformed under the coordinate
transformations in the similar way as in the finite-dimensional case.
The Levi-Civita connection on the d-dimensional manifold M generates the canonical
connection ∇H0 in the infinite-dimensional bundle H0. (We associate the connection and
the covariant derivative generated by this connection). Let σ ∈ Ω. The Cristoffel symbols
Γ∼σ of the connection ∇H
0
in the coordinate chart (exp−1σ ,W (σ, ε)) are defined as follows.
For any t ∈ [0, 1] we consider the normal coordinate chart on M at the point σ(t) and the
Cristoffel symbols Γσ(t) of the Levi-Civita connection on M in this coordinate chart. If
γ ∈W (σ, ε), X ∈ H0γ (TM) and Y ∈ H1γ (TM), then (Γ∼σ (γ)(X,Y ))(t) ∈ Tγ(t)M for almost
all t is defined by
(Γ∼σ (γ)(X,Y ))(t) = Γσ(t)(γ(t))(X(t), Y (t)). (11)
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in the normal coordinate chart on M at the point σ(t). In [25, 26], it is proved that
Cristoffel symbols (11) correctly define the connection in the vector bundle H0. Let X ∈
C∞(W (σ, ε),H0) and Y ∈ C∞(W (σ, ε),H1). Then in the normal coordinate chart on M
at the point σ(t) we have the following expression for the covariant derivative
∇H0Y X(γ; t) = dYX(γ, t) + Γσ(t)(γ(t))(X(t), Y (t)). (12)
Example 1. Let the section Υ in H0 be defined by Υ(γ; t) = γ˙(t). It holds that ∇H0Y Υ(γ; t) =
∇Y (γ; t) (see [25, 26]).
Remark 1. The connection ∇H0 is Riemannian. It means that for any smooth local
sections Y,Z in H0 and any smooth local section X in H1 the following holds
dXG0(Y,Z) = G0(∇H0X Y,Z) +G0(Y,∇H
0
X Z). (13)
4 First derivative and H0-gradient of parallel transport
Let E be the vector bundle over Ω that its fiber over γ ∈ Ω is the space L(Eγ(0), Eγ(1))
of all linear mappings from Eγ(0) to Eγ(1). The parallel transport U1,0 generated by the
connection A in E can been considered as a section in E defined in the following way.
Let ψa : pi
−1(Wa) ∼= Wa × CN be a local trivialization of the vector bundle E and let Aa
be a local 1-form of the connection A on the open set Wa ⊂ M . For γ ∈ Ω such that
γ([0, 1]) ⊂Wa we can consider the system of differential equations
d
dt
Uat,s(γ) = −Aaµ(γ(t))γ˙µ(t)Uat,s(γ)
d
ds
Uat,s(γ) = U
a
t,s(γ)A
a
µ(γ(s))γ˙
µ(s)
Uat,s
∣∣
t=s
= Id.
(14)
Then U1,0(γ) = ψ
−1
a U
a
1,0(γ)ψa is the parallel transport along γ generated by the connection
A. If γ([s, t]) ∈ Wa ∩Wb and Aa and Ab are the local 1-forms of the connection A on the
open sets Wa and Wb respectively, then equality (4) implies that
Uat,s(γ) = ψab(γ(t))U
b
t,s(γ)ψba(γ(s)). (15)
For arbitrary γ ∈ Ω let consider the family of local trivializations ψai : pi−1(Wai) ∼=
Wai × CN of the vector bundle E and the partition c = t1 ≤ t2 ≤ . . . tn = d such
that γ([ti, ti+1]) ⊂Wai . Let
U
an,a1
d,c (γ) = U
an−1
tn,tn−1
(γ)ψanan−1(γ(tn−1)) . . . U
a2
t3,t2
(γ)ψa2a1(γ(t2))U
a1
t2,t1
(γ). (16)
Then Ud,c(γ) = ψ
−1
an U
an,a1
d,c (γ)ψa1 and U1,0(γ) is a parallel transport along γ. By (15), the
definition of the parallel transport does not depend on the choice of the partition and the
choice of the family of trivializations. In [17], it is proved that the mapping Ω ∋ γ → U1,0(γ)
is a smooth section in the vector bundle E . The parallel transport does not depend on the
choice of parametrization of the curve γ and Ut,s(γ) coincide with the parallel transport
along the restriction of γ on the interval [s, t]. Also, the parallel transport satisfies the
multiplicative property:
Ut,s(γ)Us,r(γ) = Ut,r(γ) for r ≤ s ≤ t. (17)
Let gE and gH0⊗E denote the natural Riemannian metrics in the bundle E and H0 ⊗ E
respectively. If X,Y are local sections in E and Φ,Ψ are local sections in H0, then
gE(Φ,Ψ) = −tr(ΦΨ),
gE⊗H0(X ⊗ Φ, Y ⊗Ψ) = G0(X,Y )gE (Φ,Ψ).
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Definition 1. The domain domgradH0 of the H
0-gradient consists of all ϕ ∈ C∞(Ω, E)
such that there exists Jϕ ∈ C∞(Ω, E ⊗H0), that the following equality holds
gE⊗H0(Jϕ(γ),X(γ) ⊗ Φ(γ)) = gE (dXϕ(γ),Φ(γ))
for any γ ∈ Ω, any local smooth section X in H10,0 and any local smooth section Φ in
the bundle E. The H0-gradient is a linear mapping gradH0 : domgradH0 → C∞(E ⊗ H0)
defined by the formula
gradH0ϕ = Jϕ.
Remark 2. Any connection B in E generates the connection in E such that (see [30])
∇BYΨ(γ) = dYΨ(γ) +Bµ(γ(1))Y µ(γ; 1)Ψ(γ) −Ψ(γ)Bµ(γ(0))Y µ(γ; 0).
If Y is a section in H10,0, then ∇BYΨ(γ) = dYΨ(γ). So the definition of the H0-gradient is
covariant.
Example 2. Let f ∈ C∞(M,R). Let Lf : Ω→ R be defined by
Lf (γ) =
∫ 1
0
f(γ(t))dt.
Then
gradH0Lf (γ; t) = ∇f(γ(t)),
where ∇ is the gradient on the manifold M .
The following lemma is Duhamel’s Principle (see [17]).
Lemma 1. Let V be a finite dimensional inner product space. For any Z ∈ L2([c, d], End(V ))
there exists a unique P (Z) ∈ H1([c, d], End(V )) such that d
dt
P (Z; t) = −Z(t)P (Z; t) for
almost all t and P (Z; c) = Id. The mapping L2([c, d], End(V )) ∋ Z 7→ P (Z; d) is C∞-
smooth and P (Z; t) ∈ Aut(V ) for all t ∈ [c, d]. Furthermore, the first derivative of P has
the form
< DP (Z; d), δZ >= −P (Z; d)
∫ d
c
P−1(Z; t)δZ(t)P (Z; t)dt. (18)
Proof. For clarity, we present the idea of the proof. For the complete proof see [17].
Consider the function R(t) = P−1(Z2; t)P (Z1; t). Then
d
dt
R(t) =
d
dt
P−1(Z2, t)P (Z1; t) + P
−1(Z2, t)
d
dt
P (Z1; t) =
= P−1(Z2; t)(Z2(t)− Z1(t))P (Z1; t) (19)
and
P (Z2; d)(R(1) −R(0)) = P (Z2; d)(P−1(Z2; d)P (Z1; d)− Id) = P (Z1; d)− P (Z2; d). (20)
Together (19) and (20) imply the formula
P (Z1; d)− P (Z2; d) = −P (Z2; d)
∫ d
c
P−1(Z2; t)(Z2(t)− Z1(t))P (Z1; t)dt.
The statement of the proposition can been deduced from this formula.
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Proposition 1. The first derivative of the parallel transport has the form
dXUd,c(γ) = −
∫ d
c
Ud,t(γ)Fµν(γ(t))X
µ(γ; t)γ˙ν(t)Ut,c(γ)dt−
−Aµ(γ(d))Xµ(γ; d)Ud,c(γ) + Ud,c(γ)Aµ(γ(c))Xµ(γ; c). (21)
Proof. Consider the partition c = t1 < t2 < . . . < tn−1 < tn = d and the family of local
trivializations ψai : pi
−1(Wai)
∼= Wai × CN of the vector bundle E such that γ([ti, ti+1]) ⊂
Wai . Lemma 1 implies
dXU
ai
ti+1,ti
(γ) =
∫ ti+1
ti
Uaiti+1,t(γ)(−∂µAaiν (γ(t))Xµ(γ; t)γ˙ν(t)−Aµ(γ(t))X˙µ(γ; t))Uait,ti(γ)dt.
Integrating by parts, we have
dXU
ai
ti+1,ti
(γ) = −
∫ ti+1
ti
Uaiti+1,t(γ)F
ai
µν(γ(t))X
µ(γ; t)γ˙ν(t)Uait,ti(γ)dt−
−Aaiµ (γ(ti+1))Xµ(γ; ti+1)Uaiti+1,ti(γ) + Uaiti+1,ti(γ)Aaiµ (γ(ti))Xµ(γ; ti). (22)
Also we have
dXψai+1ai(γ(ti)) = ∂µψai+1ai(γ(ti))X
µ(γ, ti).
Then
dXU
ai+1,ai
ti+2,ti
(γ) = dX(U
ai+1
ti+2,ti+1
(γ)ψai+1ai(γ(ti))U
ai
ti+1,ti
(γ)) =
= −ψai+1(
∫ ti+2
ti
Uti+1,t(γ)Fµν(γ(t))X
µ(γ; t)γ˙ν(t)Ut,ti(γ)dt)ψ
−1
ai
−
−Aai+1µ (γ(ti+2))Xµ(γ; ti+2)Uai+1,aiti+2,ti (γ) + U
ai+1,ai
ti+2,ti
(γ)Aaiµ (γ(ti))X
µ(γ; ti)+
+ U
ai+1
ti+2,ti+1
(γ)(A
ai+1
µ (γ(ti))ψai+1ai(γ(ti))− ψai+1ai(γ(ti))Aaiµ (γ(ti))+
+ ∂µψai+1ai(γ(ti)))X
µ(γ, ti)U
ai
ti+1,ti
(γ). (23)
Due to (4), the last summand in (23) is equal to zero. So Leibniz’s rule for (16) implies
dXU
an,a1
1,0 (γ) = −ψan(
∫ 1
0
U1,t(γ)Fµν(γ(t))X
µ(γ; t)γ˙ν(t)Ut,0(γ)dt)ψ
−1
a1
−
−Aanµ (γ(1))Xµ(γ; 1)Uan ,a11,0 (γ) + Uan,a11,0 (γ)Aa1µ (γ(0))Xµ(γ; 0)
and, therefore, the statement of the proposition.
The following proposition is a direct corollary of Proposition 1.
Proposition 2. The following holds
gradH0U1,0(γ; t)
µ = −U1,t(γ)Fµν(γ(t))γ˙ν(t)Ut,0(γ).
Remark 3. The first derivative of the parallel transport is well-known in the literature (see,
for example, [21, 17]). The non-commutative Stokes formula is based on formula (21) for
X(0) = X(1) (see [11] and also Remark 2.10 in [21]).
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5 Covariant Levy divergence and Levy Laplacian
Let ⊗ˆ2T ∗M and ∧2T ∗M be the bundles of the symmetic and antisymmetic tensors of type
(0, 2) over M respectively. Let R1 be the vector bundle over Ω which fiber over γ ∈ Ω is
the space of all H0-sections in ⊗ˆ2T ∗M along γ. Let R2 be the vector bundle over Ω which
fiber over γ ∈ Ω is the space of all H1-sections in ∧2T ∗M along γ.
Let C∞AGV (Ω,H10,0 ⊗ H10,0 ⊗ E) denote the space of all sections K in H10,0 ⊗ H10,0 ⊗ E
that have the form
K(γ) < X,Y >=
∫ 1
0
∫ 1
0
KV (γ; s, t) < X(γ; t), Y (γ; s) > dsdt+
+
∫ 1
0
KL(γ; t) < X(γ; t), Y (γ; t) > dt+
+
1
2
∫ 1
0
KS(γ; t) < ∇X(γ; t), Y (γ; t) > dt+
+
1
2
∫ 1
0
KS(γ; t) < ∇Y (γ; t),X(γ; t) > dt, (24)
where KL ∈ C∞(Ω,R1 ⊗ E), KS ∈ C∞(Ω,R2 ⊗ E) and KV ∈ C∞(Ω,H0 ⊗H0 ⊗ E).
Remark 4. Tensors of the type (24) were in fact considered by Accardi, Gibilisco and
Volovich in [3, 4]. The kernel KV is called the Volterra kernel, KL is called the Le´vy
kernel and KS is called the singular kernel. By analogy with [4, 30], it can be proved that
these kernels are uniquely defined.
Definition 2. The domain domdivL of the (covariant) Levy divergence consists of all
ψ ∈ C∞(H0 ⊗ E) such that there exists Kψ ∈ C∞AGV (Ω,H10,0 ⊗H10,0 ⊗ E) that the following
holds
gH0⊗E(∇H
0
X ψ(γ), Y (γ)⊗ Φ(γ)) = gE (Kψ(γ) < X(γ), Y (γ) >,Φ(γ)) (25)
for any γ ∈ Ω, for any local sections X,Y in H10,0 and for any local section Φ in E. The
Levy divergence is a linear mapping divL : domdivL → C∞(E) defined by the formula
divLψ(γ) =
∫ 1
0
KLψ µν(γ; t)g
µν (γ(t))dt,
where KLψ is the Levy kernel of the Kψ.
Remark 5. The notion of the Levy divergence was in fact introduced in [12]. See [42, 44,
45] for more information about the connection of this divergence with the Yang-Mills fields.
Definition 3. The value of the Levy Laplacian ∆L on ϕ ∈ C∞(Ω, E) is defined by
∆Lϕ = divL(gradH0ϕ). (26)
Example 3. Let Lf : Ω→ R be defined as in Example 2. Then
∆LLf (γ) =
∫ 1
0
∆(M,g)f(γ(t))dt,
where ∆(M,g) is the Laplace-Beltrami operator on the manifold M .
Theorem 1. The following holds
∆LU1,0(γ) = −
∫ 1
0
U1,t(γ)∇µFµν(γ(t))γ˙ν(t)Ut,0(γ)dt. (27)
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Proof. Bellow, we denote gradH0U1,0(γ; t) by J(γ; t). At first we find the covariant deriva-
tive of the J . In local coordinates, we have the following expression for the directional
derivative dY J :
dY J
µ(γ; t) = −dY U1,t(γ)Fµν(γ(t))γ˙ν(t)Ut,0(γ)−
− U1,t(γ)Fµν(γ(t))γ˙ν(t)dY Ut,0(γ)−
− U1,t(γ)∂λFµν(γ(t))Y λ(γ; t)γ˙ν(t)Ut,0(γ)−
− U1,t(γ)Fµν(γ(t))Y˙ ν(γ; t)Ut,0(γ).
Let Y (γ; 0) = Y (γ; 1) = 0. Using formulas (11), (21), we obtain that
∇H0Y J(γ; t)µ =
= −U1,t(γ)Fµν(γ(t))γ˙ν(t)(
∫ t
0
Ut,s(γ)Fλκ(γ(s))Y
λ(γ; s)γ˙κ(s)Us,0(γ)ds)−
− (
∫ 1
t
U1,s(γ)Fλκ(γ(s))Y
λ(γ; s)γ˙κ(s)Us,t(γ)ds)F
µ
ν(γ(t))γ˙
ν(t)Ut,0(γ)−
− U1,t(γ)∇λFµν(γ(t))Y λ(γ; t)γ˙ν(t)Ut,0(γ)−
− U1,t(γ)Fµν(γ(t))∇Y ν(γ; t)Ut,0(γ). (28)
If also X(γ; 0) = X(γ; 1) = 0, the equality∫ 1
0
U1,t(γ)∇µFνλ(γ(t))Xµ(γ; t)Y ν(γ; t)γ˙λ(t)Ut,0(γ)dt+
+
∫ 1
0
U1,t(γ)Fµν(γ(t))X
µ(γ; t)∇Y ν(γ; t)Ut,0(γ) =
=
1
2
∫ 1
0
U1,t(γ)(∇µFνλ(γ(t))γ˙λ(t) +∇νFµλ(γ(t))γ˙λ(t))Xµ(γ; t)Y ν(γ; t)Ut,0(γ)dt+
+
1
2
∫ 1
0
U1,t(γ)Fµν(γ(t))(X
µ(γ; t)∇Y ν(γ; t) + Y µ(γ; t)∇Xν(γ; t))Ut,0(γ)dt (29)
can been obtained by integrating by parts, using the Bianchi identities
∇µFνλ +∇νFλµ +∇λFµν = 0
and renaming of indices. Formulas (28) and (29) together imply that J belongs to the
domain of the Levy divergence. The Volterra kernel KVJ of KJ has the form
KVJµν(γ; t, s) =
{
U1,t(γ)Fµλ(γ(t))γ˙
λ(t)Ut,s(γ)Fνκ(γ(s))γ˙
κ(s)Us,0(γ), if t ≥ s
U1,s(γ)Fνκ(γ(s))γ˙
κ(s)Us,t(γ)Fµλ(γ(t))γ˙
λ(t)Ut,0(γ), if t < s,
(30)
the Levy kernel KLJ has the form
KLJµν(γ; t) =
1
2
U1,t(γ)(−∇µFνλ(γ(t))γ˙λ(t)−∇νFµλ(γ(t))γ˙λ(t))Ut,0(γ),
and the singular kernel has the form
KSJµν(γ; t) = U1,t(γ)Fµν(γ(t))Ut,0(γ).
It means that
∆LU1,0(γ) = divLJ(γ) = −
∫ 1
0
U1,t(γ)∇µFµν(γ(t))γ˙ν(t)Ut,0(γ)dt.
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Remark 6. As it was mentioned in the introduction, the first Levy Laplacian on the infinite
dimensional manifold was introduced in [30]. This Laplacian acts on a space of sections in
a vector bundle over Ωx. The definition of these operator is based on the triviality of the
tangent bundle over Ωx. In the case M = R
d, both this Levy Laplacian and the covariant
Levy Laplacain (26) coincide with the Levy Laplacian introduced in [3]. The Levy Laplacian
as the Cesaro mean of the second order directional derivatives was defined on a space
of sections in a vector bundle over Ωx in [9]. The values of Levy Laplacians introduced
in [30, 9] on the parallel transport coincide with (27) (see [30, 40]). Definitions 1 and 3 of
the H0-gradient and the Levy Laplacian can be transferred to the infinite dimension bundles
over Ωx. In this case, we conjecture that all three Levy Laplacians coincide on the domain
of the covariant Levy Laplacian (26) .
Remark 7. Laplacians on abstract infinite-dimensional Hilbert manifolds were considered
in the literature (see [14]). It is interesting is it possible to define the Levy Laplacian on
the abstract Hilbert manifold and to study the heat equation for this operator. It seems that
the definition of the Levy Laplacian as the Cesaro mean of the second order directional
derivatives (see [9]) can be useful for this purpose.
In [9], the Feynman approximations were obtained for the solutions of the heat equation
for the Levy Laplacian. It is interesting whether it is possible to develop a related approach
of the quasi-Feynman approximations to this equation (see [38]).
Due to the fact that the Levy Laplacian can be defined as the averaging of finite-
dimensional Laplacians, it would be interesting to investigate whether it is possible to obtain
the heat semigroup for the Levy Laplacian by averaging of the semigroups for these finite-
dimensional operators (for the method of the averaging of semigroups see [36, 39]).
6 Heat equation for Levy Laplacian and Yang-Mills heat
equations
In this section, A(·, ·) ∈ C1,∞([0, T ]×M,Λ1⊗adE) and U1,0(s, γ) is the parallel transport
generated by the connection A(s, ·) along the curve γ ∈ Ω.
Proposition 3. For any γ ∈ Ω the following holds
∂sU1,0(s, γ) = −
∫ 1
0
U1,t(s, γ)∂sAµ(s, γ(t))γ˙
µ(t)Ut,0(s, γ)dt. (31)
Proof. Consider the partition 0 = t1 < t2 < . . . < tn−1 < tn = 1 and the family of local
trivializations ψai : pi
−1(Wai)
∼= Wai × CN of the vector bundle E such that γ([ti, ti+1]) ⊂
Wai . Due to the fact that the time-depended connection belongs to the class C
1,∞, the
mapping
[0, 1] ∋ s 7→ Aaiµ (s, γ(·))γ˙µ(·) ∈ L2([ti, ti+1], Lie(G))
is differentiable for any i ∈ {1, . . . , n}. Lemma 1 implies that
∂sU
ai
ti+1,ti
(s, γ) =
∫ ti+1
ti
Uaiti+1,t(s, γ)(−∂sAaiν (s, γ(t))γ˙ν(t))Uait,ti(s, γ)dt.
Then Leibniz’s rule for (16) implies the statement of the proposition.
Theorem 2. The following two assertions are equivalent:
1) the flow of connections [0, T ] ∋ s 7→ A(s, ·) is a solution of the Yang-Mills heat
equations (8):
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2) the flow of parallel transports [0, T ] ∋ s 7→ U1,0(s, ·) is a solution of the heat equation
for the Levy Laplacian:
∂sU1,0(s, γ) = ∆LU1,0(s, γ). (32)
Proof. Let the flow of the parallel transports is a solution of the Yang-Mills heat equations.
Fix any curve γ ∈ C1([0, 1],M). Let the curve γr ∈ Ω be defined by
γr(t) =
{
γ(t), if t ≤ r,
γ(r), if t > r.
Let us introduce the function R ∈ C1([0, 1], L(Eγ(0) , Eγ(1))) by the formula:
R(r) = U1,r(s, γ)(∂sU1,0(s, γr)−∆LU1,0(s, γr)). (33)
Due to the invariance with respect to the reparametrization of the parallel transport and
due to the multiplicative property (17), we have
R(r) =
∫ r
0
U1,t(s, γ)(∂sAν(s, γ(t))γ˙
ν(t)−∇µFµν(s, γ(t))γ˙ν(t))Ut,0(s, γ)dt. (34)
If U1,0(·, ·) is a solution of (32), then ∂sU1,0(s, γr) −∆LU1,0(s, γr) = 0 and, therefore,
R(r) ≡ 0. Differentiating (34), we obtain
d
dr
R(r) = U1,r(s, γ)(∂sAν(s, γ(r))γ˙
ν(r)−∇µFµν(s, γ(r))γ˙ν(r))Ur,0(s, γ) ≡ 0.
It means that
∂sAν(s, γ(r))γ˙
ν(r)−∇µFµν(s, γ(r))γ˙ν(r) = 0
for all γ ∈ C1([0, 1],M) and for all r ∈ [0, 1]. So A(s, ·) is the Yang-Mills heat flow. The
other side of the theorem is trivial.
Remark 8. If the connection A is time-independent, Theorem 2 becomes the Accardi-
Gibilisco-Volovich theorem on the equivalence of the Yang-Mills equations and the Laplace
equation for the Levy Laplacian.
Remark 9. Let f(s, ·) be a solution of the heat equation on the manifold M :
∂sf(s, ·) = ∆M,gf(s, ·).
Let the family of functionals Lf(s,·) on Ω be defined as in Examples 2 and 3. Then Lf(s,·)
is a solution of the heat equation for the Levy Laplacian:
∂sLf(s,·) = ∆LLf(s,·).
Remark 10. The definitions of the H0-gradient and the Levy Laplacian can be transferred
to the infinite-dimensional bundle over Ωx,x. In this case, these definitions have the simplest
form. We don’t know whether Accardi-Gibilisco-Volovich theorem holds in this case: is it
true that if ∆LU1,0(γ) = 0 for any γ ∈ Ωx,x, then the connection associated with this
parallel transport U1,0 is a solution of the Yang-Mills equations. Our proof of Theorem 2
essentially uses the fact that the endpoints of the curves from the base manifold are not
fixed.
In this context, the following result is interesting. In [17], it is shown that if an operator-
valued function on Ωx,x has some properties of the parallel transport (smoothness, group
property, invariance with respect to reparametrization), then it is truly the parallel transport
generated by some connection in E. For the generalization of this result for a groupoid
see [20].
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